Abstract. By studying the integrated density of states, we prove the existence of Lyapunov exponents and the Thouless formula for the Schr odinger operator ?d 2 =dx 2 + cos x with 0 < < 1 on L 2 0; 1).
Introduction
Our goal in this paper is to prove Lyapunov behavior and compute a Lyapunov exponent for the one-dimensional half-line Schr odinger operator H = ? d 2 dx 2 + cos x x 2 0; 1) (1.1) with 0 < < 1. It is clear that H is regular at 0 and is limit point at in nity. (For the de nition of limit point, see 22] or 14].) Therefore, for each 2 0; ), H has a unique self-adjoint realization on L 2 0; 1) with boundary condition at 0 given by u(0) cos + u 0 (0) sin = 0 which will be denoted by H .
In the spectral theory of Schr odinger operators, most work has concentrated on the potential V (x), either V (x) ! 0 as jxj ! 1 or V (x) is periodic or almost periodic. Such models have been investigated particularly well. Comparatively new are the models with oscillating but not periodic nor almost periodic potentials. Due to recent discoveries of H. Behncke ( 2] ), W. Kirsch, S.A. Molchanov and L.A. Pastur ( 12] ) and G. Stolz ( 19] , 20]), it is clear that some such models may yield very interesting spectrum. As one of his particular examples, Stolz has studied the spectral properties for (1.1) in 20]. Let (H), ac (H), sing (H), sc (H) and pp (H) denote the spectrum, absolutely continuous spectrum, singular spectrum, singular continuous spectrum and pure point spectrum resp. for H. Then We already see that this model has some subtle and fascinating spectral properties, especially for E 2 (?1; 1). We'll continue working on this model. In particular, we will prove Lyapunov behavior and compute a Lyapunov exponent formula. We know that the Lyapunov exponent is an important tool in the spectral theory for onedimensional Schr odinger operators with almost periodic or random potentials. In 17, 16] , the rank one perturbation theory shows that Lyapunov behavior can also be used to study Schr odinger operators with deterministic potentials. For almost periodic or random potentials, we have the subadditive ergodic theorem to guarantee the existence of the Lyapunov exponent, but for deterministic potentials, it's often di cult to prove Lyapunov behavior. In this paper, we rst study the integrated density of states in detail, then we directly study the existence of the Lyapunov exponent and prove the Thouless formula for a.e. E (with Lebesgue measure). Now, our formula for (E), E 2 (?1; 1), which we prove o an explicitly given set of measure 0, is strictly positive. It is known (see 7]) that since (?1; 1) (H ), the complement of f E j (E) exists and is > 0 g is a dense G in ?1; 1]. By our construction, this dense G has measure zero; indeed, it has Hausdor dimension zero.
We are unaware of any other explicit (non-random) Schr odinger operators with a computable positive Lyapunov exponent. The explicit formula (3.22) is quasi-classical.
The integrated density of states
To prove the Thouless formula, we need to study the integrated density of states, k(E), and the existence of the Lyapunov exponent. Also, we need information on how rapidly k (`) (E) converges to k(E) to establish the existence of the Lyapunov exponent. So, we rst study the main technical object, the integrated density of states for equation (1.1). We will prove a formula for the integrated density states, and more importantly, we will estimate how fast k (`) (E) converges to k(E).
The basic idea to compute the integrated density of states uses the standard Dirichlet-Neumann bracketing technique. Since the potentials in our problem are slowly oscillating, Dirichlet-Neumann bracketing works perfectly.
First, let us introduce some notation and de nitions. In the following, when we write H , we always mean the Schr odinger operator given by (1.1 . Now, let H bc (S (`)) be any self-adjoint realization of H on L 2 (0; S(`)) with some given boundary conditions at 0 and S (`) . Let N bc (E;`) = N(E; H bc (S (`))).
De nition. Let N bc (E;`) be as above, then we de ne k (`) (E) = 1 S (`) N bc (E;`) and k(E) = lim !1 k (`) (E). k(E) is called the integrated density of states for (1.1).
We will show that in the above de nition, the limit k(E) exists and is independent of the choice of boundary conditions.
By standard Dirichlet-Neumann bracketing (see 15]), 
Thus, if we use the notation that f(x)] + = maxf0; f(x)g, then we have Now, we begin to study the Lyapunov exponent by rst proving the Thouless formula which relates the Lyapunov exponent to the integrated density of states. In 1], the Thouless formula is proved for almost periodic potentials and random potentials. To prove the Thouless formula in our case, we can closely follow the proof given in 1] for Schr odinger operators. However, we will prove the existence of the Lyapunov exponent by using the information on how fast k`(E) converges to k(E) which is given in Theorem 2.1.
First, we de ne the transfer matrix for the Schr odinger operator (1.1) as follows. Let u(x; a; E), v(x; a; E) ( In particular, when a = 0, we use T x (E) to denote T 0;x (E).
De nition. For a given E, if (E) = lim x!1 x ?1 ln kT x (E)k exists, then we say that for the energy E, H has Lyapunov behavior, and (E) is called the Lyapunov exponent.
To give the Thouless formula, we need to de ne the resonance set rst. In Section 2, we 1 ], with Dirichlet boundary conditions. We believe that this is the reasonable de nition of the resonance set. However, in our proof of the Thouless formula, we need to use the resonance set de ned by (3.2) and (3.3).
From the de nition, it is easy to show that where (E) is the Lyapunov exponent for H , and k(E) is the integrated density of states for H .
We prove this theorem by proving the following series of lemmas. The rst three lemmas are already given in 1], so we will not give a proof for these results here. 
For convenience, we de ne
Then we have ln jE ? E 0 j dk 0 (E 0 ) = 0:
2 , by using lemma 3.4, we have where ( ) is de ned by (2.16) and is given in de nition of the resonance set.
Since E = 2 R D R (0) D , there are no eigenvalues of H D (L) and H 0D (L) on the interval I`(E) which is de ned by (3.13). Thus, k (`) (E), k (`) 0 (E) are constant on the interval I`(E). Also, we notice that
where C E is a constant for a given E. So Next, as we have shown that the resonance set has Hausdor dimension zero, by applying rank one perturbation theory, we get a new result on singular continuous spectral. Theorem 4.2. Let H be the operator H given by (1.1) with the boundary condition at 0 given by u(0) cos + u 0 (0) sin = 0 for 2 0; ). Then for 6 = 2 , the singular continuous part, (d ) sc , of the spectral measure d for H is supported on a Hausdor dimension zero set.
